The temperature scaling of the micromagnetic Dzyaloshinsky-Moriya exchange interaction is calculated for the whole range of temperature. We use Green's function theory to derive the finitetemperature spin wave spectrum of ferromagnetic systems described by a classical atomistic spin model Hamiltonian. Within this model, we find universal expressions for the temperature scaling not only of the Dzyaloshinsky-Moriya interaction but also of the Heisenberg exchange stiffness and the single-ion anisotropy. In the spirit of multiscale models, we establish a clear connection between the atomistic interactions and the temperature-dependent coefficients in the spin wave spectrum and in the micromagnetic free energy functional. We demonstrate that the corrections to mean-field theory or the random phase approximation for the temperature scaling of Dzyaloshinsky-Moriya and Heisenberg exchange interactions assume very similar forms. In the presence of thermal fluctuations and Dzyaloshinsky-Moriya interaction an anisotropy-like term emerges in the spin wave spectrum which, at low temperature, increases with temperature, in contrast to the decreasing single-ion anisotropy. We evaluate the accuracy of the theoretical method by comparing it to the spin wave spectrum calculated from Monte Carlo simulations.
I. INTRODUCTION
Chirality in magnetic systems appears due to the broken inversion symmetry of the crystal. Microscopically it stems from a relativistic exchange interaction between magnetic moments known as the Dzyaloshinsky-Moriya interaction [1, 2] . Originally introduced to account for the weak magnetic moment of some antiferromagnetic systems [1] , it has been demonstrated that this type of coupling gives rise to chiral spin structures ranging from domain walls [3, 4] through spin spirals [5, 6] to magnetic skyrmions [7] [8] [9] . As Dzyaloshinsky-Moriya interaction results from spin-orbit interactions, it represents a substantial aspect of a new field of research called spinorbitronics, with potential applications in future spintronic devices [10] [11] [12] .
Besides influencing static spin configurations, the Dzyaloshinsky-Moriya interaction also lends a chiral character to the magnetic excitations of the system, which are known as magnons or spin waves. In ferromagnetic systems, this is observable in the shift of the minimum of the parabolic spin wave dispersion relation away from the k = 0 point, thereby lifting the energy degeneracy between magnons propagating in opposite directions [13, 14] . Common experimental methods for determining this asymmetry include neutron scattering for bulk magnets [15, 16] , and Brillouin light scattering [17, 18] , spin-polarized electron energy loss [19] [20] [21] and propagating spin wave spectroscopy [22] for thin films. Recent theoretical investigations based on the * rlevente@physnet.uni-hamburg.de micromagnetic model have proposed magnonic devices based on the chiral character of spin waves [23, 24] .
In spin glasses it has been demonstrated that the addition of nonmagnetic heavy metal impurities enhances the anisotropy field. This effect has also been attributed to the presence of the Dzyaloshinsky-Moriya interaction in connection with the noncollinear alignment of the spins in spin glasses [25, 26] . The chiral interaction is also responsible for the canting of spins at the edges of nanomagnets, which also induces an anisotropy field competing with demagnetization effects [27] . However, the Dzyaloshinsky-Moriya interaction does not influence the orientation of the ground state in extended ferromagnetic systems [13, 14] , since in this case all spins are parallel to each other.
Significant research attention has been turned towards investigating phase transitions [8, 9] and determining the lifetime of metastable spin structures [28] [29] [30] in chiral systems at finite temperature. The microscopic background of such relaxation mechanisms is the thermal fluctuation of localized magnetic moments, leading to a reduced magnetization at higher temperature. Micromagnetic models rely on the approximation that the magnetization is only slowly varying over the sample, leading to an effective averaging of the magnetic moments over small volumes. During this averaging, it is necessary to take into account the temperature dependence of the magnetization as well as that of the effective interaction parameters. These effective interaction parameters are crucial for understanding phase transitions and lifetimes of metastable states.
Notably, dynamic properties can be calculated through finite-temperature approaches such as the LandauLifshitz-Bloch equation [31, 32] that fundamentally rely on temperature-dependent micromagnetic parameters. Such approaches are especially important in the emerging field of spin caloritronics, concerning the interplay between spin, charge and heat degrees of freedom. It has been established that domain wall motion in ferromagnets [33] and antiferromagnets [34] under thermal gradients is dominated by the so-called entropic torque, defined by the temperature derivative of the Heisenberg exchange stiffness. It is expected that further dynamical effects appear in the presence of the DzyaloshinskyMoriya interaction. For instance, in the field of ultrafast spin dynamics the emergence of metastable magnetic textures was demonstrated, such as vortex-antivortex pairs in Fe thin films [35] or skyrmions in thin TbFeCo films [36] . Therefore, it is important to develop theoretical methods for the calculation of effective temperature-dependent parameters.
Analytical results for specific types of interaction parameters are available in the literature, usually given as a power law of the magnetization m κ . The most wellknown example is the κ = l(l + 1)/2 power law for lth order magnetic anisotropy [37] , although deviations from this behavior can also be found in certain systems [38, 39] . For the Heisenberg exchange interaction, most applications use the result of mean-field theory [17] , where it scales with the second power of the magnetization m 2 ; however, it has been demonstrated that corrections to this approximation are necessary in most systems [40, 41] .
In comparison, the temperature dependence of the Dzyaloshinsky-Moriya interaction seems to be less explored, and the implicit estimations provided so far do not fully agree with each other. For instance, in Ref. [42] it was concluded that the temperature dependence of the size of antiferromagnetic skyrmions may be described by an expression containing temperatureindependent Dzyaloshinsky-Moriya interactions. In contrast, a significant softening of the chiral interaction was reported for ultrathin ferromagnetic films in Ref. [43] . In Ref. [44] , it was found that the wavelength of spin spirals, proportional to the ratio between the Heisenberg and Dzyaloshinsky-Moriya interactions, is independent of the temperature, implying a similar temperature scaling for the two terms. The independence of the period of noncollinear order on the temperature has also been demonstrated experimentally in several systems [45] [46] [47] [48] . Solving this kind of apparent discrepancy requires theoretical methods that directly provide the temperature scaling of both Heisenberg and Dzyaloshinsky-Moriya micromagnetic exchange interactions.
Preliminary results along this line were provided in Ref. [49] , where the spin wave spectrum was calculated for a ferromagnetic monolayer containing DzyaloshinskyMoriya interaction, and the softening of the frequencies at low temperature was described by linear spin wave theory. Green's function theory in statistical mechanics [50] provides a more robust theoretical framework for the description of thermal spin fluctuations and the finitetemperature spin wave spectrum over wide temperature ranges in both quantum and classical systems [51, 52] . Originally developed for the determination of the temperature scaling of the magnetization, the method was naturally extended for calculating effective temperaturedependent interaction parameters [51, 53] . The application of Green's function theory to the DzyaloshinskyMoriya interaction [54, 55] so far has been restricted to the random phase approximation [56] , which neglects the corrections appearing due to correlations between the spins [40, 51] .
In this paper, we investigate the temperature dependence of the Dzyaloshinsky-Moriya interaction in a ferromagnet. Using Callen's formulation of Green's function theory [50] , we find significant corrections to meanfield theory or random phase approximation due to transversal spin fluctuations. These corrections assume very similar form for the Heisenberg and DzyaloshinskyMoriya interactions, in agreement with the microscopic description which derives the two quantities from the same principle [2, 17, 25] . Furthermore, we demonstrate that the Dzyaloshinsky-Moriya interaction induces an anisotropy-like term which increases the spin wave frequency at zero wave vector, an effect which is only observable at finite temperature in ferromagnets. By comparing the results to Monte Carlo simulations, we demonstrate that the theory successfully accounts for most of the fluctuation corrections.
II. FINITE-TEMPERATURE SPIN WAVE SPECTRUM
A. Green's function theory
For the description of the magnetic system, we introduce the classical atomistic spin Hamiltonian
Here the S i variables denote unit vectors, J ij is the Heisenberg exchange interaction between atoms at sites i and j, D ij is the Dzyaloshinsky-Moriya vector, K zz is the single-ion magnetocrystalline anisotropy, µ s is the magnetic moment, and B z is the external magnetic field. The number of spins in the lattice will be denoted by N . We will assume that the ground state of the system is ferromagnetic along the z direction. The interaction coefficients in Eq. (1) are determined by microscopic electronic processes such as the overlap between wave functions (direct exchange) or hopping processes (superexchange [2, 57] ). In a multiscale description [40] , the coefficients in Eq. (1) may be determined from ab initio calculations. It is not possible to consider the interplay between the noncollinear spin arrangement and the electronic structure [58] in the simple model presented here; therefore, we will suppose that J ij , D ij , K zz are independent of temperature on the scale where magnetic ordering occurs.
For calculating the spectrum of spin wave excitations at finite temperature, we will use the classical Green's function formalism [50, 51] , which results in a set of self-consistency equations. For their derivation see Appendix A. The spin wave spectrum in Fourier space k reads
with γ = ge 2me the electron's gyromagnetic ratio, and effective temperature-dependent interaction parameters
The correspondence between these parameters and the interaction coefficients in the atomistic Hamiltonian Eq. (1) is given by
where
Equations (2)- (5) must be solved self-consistently together with the temperature scaling of the magnetization
The transversal correlation function is given by
Following the multiscale description, Eqs. (3)- (5) will be used to determine the temperature-dependent interaction parameters in a micromagnetic model, which is based on a continuum free energy functional. For simplicity, here we will only consider spin modulations along the x direction which is perpendicular to the magnetization; a generalization to more spatial dimensions can be found in Appendix B. The free energy density is given by
where S denotes the unit length spin vector field,
is the linear Lifshitz invariant [1] , and A , D, K zz are the micromagnetic effective Heisenberg exchange, Dzyaloshinsky-Moriya interaction, and anisotropy, respectively. The magnetization density reads
where υ WS is the Wigner-Seitz volume occupied by a single atom in the lattice. Unlike the J ij , D ij , K zz , and µ s parameters in the atomistic model, the A , D, K zz , M coefficients appearing in the micromagnetic model are temperaturedependent. Their importance lies in the fact that they are directly related to experimentally observable quantities such as the macroscopic magnetization, the domain wall width (δ ∝ A /K zz ), skyrmion radius, or spin spiral wavelength. Furthermore, in the presence of temperature gradients it has been shown that analytical expressions for thermomagnonic torques can be directly derived from the temperature dependence of the micromagnetic Heisenberg exchange [33, 34] .
Several methods have been proposed for connecting the atomistic and micromagnetic parameters. For instance, A and K zz can be calculated via the temperature dependence of the domain wall width and free energy in an implicit way [40] . In this paper, we connect the quantities by comparing the spin wave spectrum obtained from the two approaches. For spin waves propagating along the x direction, expanding Eq. (2) for long wavelengths (small k) yields the correspondence
where R i = (x i , y i , z i ) stands for the position of the spin i in the lattice. Thus, (x j − x i ) corresponds to the distance between the spins i and j along the x axis.
B. Discussion
Equations (3)- (5) together with (12)- (14) constitute the main results of this paper. Using these expressions, it is possible to directly connect first principles calculations to micromagnetic models in a multiscale approach. This procedure may enable bypassing time-consuming atomistic spin model simulations for the determination of micromagnetic parameters. The calculations may also be generalized to quantum spins, which modifies the expressions Eqs. (6)- (8) for the self-consistency by accounting for quantum statistics [50] instead of the classical statistical limit considered here, but leaves Eqs. (3)- (5) for the effective parameters essentially unchanged.
The accuracy of Eqs. (3)- (5) is determined by the fluctuation corrections, which were first suggested to be included by Callen [50] , with the appropriate classical limit given in Refs. [51, 52] . This is encapsulated in the terms proportional to the transversal correlation function S + j S − i . Without this term, one would obtain A , D, K zz ∝ m 2 in the micromagnetic description, corresponding to the random phase approximation [56] in the language of Green's functions. Neglecting the fluctuations may also be interpreted as a mean-field approximation [40] .
In the case of the single-ion anisotropy, it is long known that the correlation corrections play an important role; at low temperature, they modify the magnetization dependence of the micromagnetic anisotropy coefficient from
, a significantly faster decrease than in the random phase approximation.
For the Heisenberg exchange interaction, the correlation correction has an opposite sign (cf. Eqs. (3) and (5)), which leads to a slower decrease of the parameter A with temperature compared to the prediction of the random phase approximation. If the magnetization dependence of the exchange stiffness is expressed in the form of a power law A ∝ m κ A at low temperature, this yields κ A < 2. As discussed in Ref. [40] , the exact value of the exponent depends on the system parameters, in particular the number of neighbors considered and the strength of the anisotropy. Note that Eqs. (3)- (5) describe the temperature dependence of the effective interaction coefficients for arbitrary pairs of atoms [59] ; since the correlation function S
decays for further neighbors, the random phase approximation gives a better prediction in this case. Furthermore, the correlations decrease faster if the correlation length ξ is smaller, which is directly connected to the spin wave frequency at zero wave vec-
The correlation length is expected to play an especially important role in two-dimensional systems, where the fluctuations destroy long-range order at finite temperature in the absence of the spin wave gap [60] .
For the Dzyaloshinsky-Moriya interaction, Eqs. (3)- (4) demonstrate that the correlation correction has the same sign as in the case of the Heisenberg exchange interaction. Regarding the magnitude of the corrections in Eqs. (3)- (4), note that the correlation function Im S
z appears as a coefficient of the Dzyaloshinsky-Moriya interaction in the Hamiltonian Eq. (1), while Re S
is connected to the Heisenberg interaction. Therefore, it is expected that the ratio of the real and imaginary parts of the correlation function follow the ratio of the interaction coefficients which they are attributed to,
Substituting Eq. (15) into Eqs. (3)- (4) yields a very similar temperature dependence for A and D. This is in agreement with the observation that the wavelength of spin spirals (λ ∝ A /D) is practically independent of the temperature [44] . Finally, the Dzyaloshinsky-Moriya interaction also influences the temperature dependence of the anisotropy term K zz as shown in Eq. (5). This is surprising because it is known that the Dzyaloshinsky-Moriya interaction does not influence the spin wave spectrum of ferromagnetic systems at k = 0 at zero temperature, it only induces an asymmetry between k and −k [14] . Since the system gains energy from the Dzyaloshinsky-Moriya interaction in Eq. (1) 
is positive, the anisotropy term induced by the Dzyaloshinsky-Moriya interaction always has a positive sign and increases at low temperature with the fluctuations. This is contrary to the temperature dependence of the single-ion anisotropy, which always decreases (K zz ∝ m 3 at low temperature). While all the spins are parallel in the ferromagnetic ground state, at finite temperature the spins are fluctuating, and the Dzyaloshinsky-Moriya interaction opens a finite average angle Im S
∝ sin ϑ between them, which induces an anisotropy term in the spin wave spectrum. An analogy can be drawn between the correlated random fluctuations of the spins and the similar anisotropy effect observed in spin glasses [25] , where the finite average angle between the spins appears because of the random relative positions of the magnetic atoms and nonmagnetic impurities [26] .
III. COMPARISON TO MONTE CARLO SIMULATIONS
In order to illustrate the theory outlined above for obtaining the effective temperature-dependent interaction coefficients Eqs. (3)- (5), as a model system we considered a square lattice, representing a magnetic monolayer on a cubic (001) surface. We chose an ultrathin magnetic film in order to examine the pronounced role of the spin fluctuations, and because such systems play an important role in suggested applications based on the Dzyaloshinsky-Moriya interaction [12, 23] . As displayed in Fig. 1 , we used only nearest-neighbor Heisen-berg J and Dzyaloshinsky-Moriya D interactions, with the Dzyaloshinsky-Moriya vectors pointing perpendicular to the lattice vectors due to the C 4v symmetry of the system. The second-order single-ion anisotropy in Eq. (1) can only describe an out-of-plane easy axis or an easy plane in the considered system by symmetry, and this term was neglected to simplify the calculations. We applied an in-plane magnetic field B along the z direction to force the system in an in-plane ferromagnetic state and calculated the spin wave frequencies with propagation vectors along the perpendicular x direction. This is a standard procedure for the experimental determination of the Dzyaloshinsky-Moriya interaction in ultrathin films, for example see Refs. [17] [18] [19] .
In the present case, the spin wave spectrum Eq. (2) along the x direction may be expressed as
with the connection to the atomistic parameters J and D as defined in Eqs. (3)- (5). Importantly, the anisotropy term K zz is only induced by the presence of thermal fluctuations and the Dzyaloshinsky-Moriya interactions. In the considered system with only nearest-neighbor interactions, the ratio D/J is independent of the temperature, emphasizing the strong analogy between the Heisenberg and Dzyaloshinsky-Moriya exchange interactions. For a proof see Appendix C.
For checking the accuracy of the theoretical model, we performed Monte Carlo simulations on an N = 64 × 64 lattice. For the details of the simulations see Appendix D. The simulations converge to the thermal equilibrium of the system described by the Hamiltonian Eq. (1), and include all higher-order correlation functions neglected in the model. The spin wave frequencies may be expressed by rewriting Eq. (8) in the form
where the right-hand side contains only expectation values in thermal equilibrium, which can be calculated from Monte Carlo simulations. The softening of the spin wave frequencies with temperature and the comparison to the theoretical model is illustrated in Fig. 2 . After obtaining the spin wave frequencies, an expression of the form of Eq. (16) was fitted to the dispersion relation to obtain the effective finite-temperature coupling coefficients. The results of the Monte Carlo simulations are compared to the theoretical predictions in Fig. 3 . The fluctuation corrections can modify the interactions significantly, by almost 10% of their zero-temperature value at maximum. The deviation from the result of the random phase approximation or mean-field model due to spin correlations is most pronounced at low temperature. Including the correlation corrections using Green's function theory in Callen's formulation as discussed above gives reasonable quantitative agreement with the simulation results over the whole range in magnetization, while higher-order corrections are less significant. The simulations also confirm that the temperature dependence of the Heisenberg and Dzyaloshinsky-Moriya interactions is very similar; the two functions completely coincide in the theoretical model as discussed above. For a quantitative comparison between theory and simulations, we transformed the temperature-dependent coefficients to the corresponding quantities in the micromagnetic model -see Eqs. (12)- (13) range 0.9 ≤ m ≤ 1.0. In the case of the simulation results, we obtain κ A = κ D = 1.54 (the values agree within the given precision), Green's function theory in Callen's formulation yields κ CGF = 1.57, while the random phase approximation leads to the well-known mean-field result κ RPA = 2. Exponents between 1.66 and 1.76 were calculated for the temperature-dependence of the Heisenberg exchange stiffness of three-dimensional magnets in Ref. [40] , indicating that the fluctuation corrections play an even more pronounced role in the presently considered two-dimensional ultrathin film. Note that as the magnetization decreases with increasing temperature, the correlation corrections also tend to zero, and the mean-field exponent κ = 2 is recovered both from simulations and theory. Another important prediction of the theoretical model is the anisotropy term induced by the DzyaloshinskyMoriya interaction at finite temperature. This can be visualized by calculating the frequency of the spin wave with zero wave vector, µs γ ω 0 = 2K zz + µ s B, as shown in Fig. 4 . In the considered system, for the induced anisotropy Green's function theory predicts
The energy gain from spin canting D 2 /J is generally several percents of the Heisenberg exchange J in ultrathin films, and the fluctuation corrections can almost reach a maximum of 10% as shown in Fig. 3 . Since the typical strength of the Heisenberg exchange is on the order of 10 meV, the maximum of the induced anisotropy may be on the order of 0.1 meV, which is comparable in magnitude to the demagnetization anisotropy induced by dipolar interactions in ferromagnetic monolayers -for typical parameter values obtained from ab initio calculations see e.g. Ref. [61] .
IV. SUMMARY
In summary, we established a connection between the temperature-independent atomistic interaction parameters J ij , D ij , K zz in Eq. (1) and the effective temperature-dependent micromagnetic interaction parameters A , D, K zz in Eq. (9) by calculating the spin wave spectrum. In the atomistic calculations, we relied on the classical version of the Green's function formalism as formulated in Ref. [50] . By comparing the theoretical calculations to Monte Carlo simulations, we demonstrated on a simple model system that the method describes the finite-temperature corrections due to spin fluctuations with a high precision, while the well-known mean-field or random phase approximation gives significantly less accurate results. The correlation corrections for the Heisenberg and Dzyaloshinsky-Moriya exchange interactions are very similar and are determined by the spatial decay of the transversal spin correlation function, while the single-ion anisotropy term must be treated differently. We also showed that the presence of the Dzyaloshinsky-Moriya interaction can give rise to an additional anisotropy accompanied by an increasing spin wave frequency at zero wave vector with increasing temperature, although it does not modify it at zero temperature. This effect can be attributed to the DzyaloshinskyMoriya interactions in connection with the finite angle between the fluctuating transversal spin components of the spins.
Overall, it can be concluded that the method presented here may be used for the determination of temperaturedependent micromagnetic interaction parameters in multiscale models, possibly circumventing time-consuming atomistic spin dynamics simulations. Due to the simple form of Eqs. (3)-(5), the close analogy with quantum spin models, the fact that the expressions do not explicitly rely on the symmetry or dimension of the system, and the possible generalization to other types of magnetic order, it is expected that the results presented in this paper may motivate further studies for the determination of temperature-dependent micromagnetic parameters in magnetic materials.
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Appendix A: Green's function theory
Here it will be discussed how the excitation frequencies of the classical spin system Eq. (1) may be calculated at finite temperature. Following the derivation for the quantum case [50] , first one has to define the Poisson brackets of the spin components [51] 
which generate the equation of motion through the wellknown formula
If the ground state is ferromagnetic along the z direction as supposed in the main part of the manuscript, it is advised to introduce the variables S
Using the transformed variables, the Hamiltonian Eq. (1) may be rewritten as
In spin wave theory, the equations of motion must be linearized in the variables S 
yielding
with the spin wave frequencies
The Fourier transforms of the interaction coefficients are defined as
Note that Eq. (A10) is real-valued, because D ij is antisymmetric in the lattice indices.
At finite temperature, following Refs. [50, 51] we will consider the time-dependent Green's function
where θ (t) is the Heaviside function, denotes averaging in thermal equilibrium, and r is a real parameter. Instead of the homogeneous Eq. (A2), this satisfies the inhomogeneous equation of motion
The Poisson bracket
introduces higher-order Green's functions on the righthand side of Eq. (A12). These are handled within the decoupling approximation,
It was demonstrated in Ref. [51] that in the classical limit Eq. (A14) may be used both for exchange interactions and single-ion anisotropy terms. In the literature there exist several schemes for the decoupling coefficient α; we used the value α = m 2 from Refs. [50, 51] in the main text, since we found that generally this gives the best agreement with the spin wave spectrum calculated from the simulations.
After performing Fourier transformation in time (∂ t → −iω) and space,
Eq. (A12) may be rewritten as
with
Note that Θ (0) = 2m from the Poisson bracket Eq. (A4).
The spin wave frequencies read
By performing inverse Fourier transformation in space, one arrives at the expression
Collecting the real and imaginary parts in the offdiagonal (i =j) part of Eq. (A20) yields Eqs. (3)- (4) for the effective temperature-dependent Heisenberg and Dzyaloshinsky-Moriya interactions, while the extra terms in the diagonal part may be collected into the anisotropy term Eq. (5) .
In order to solve Eqs. (A17)-(A19), one has to introduce the spectral density
and use the spectral theorem
the classical limit of the corresponding quantum expression [62] . Since Eq. (A17) describes pure singleparticle excitations in the current approximation, it simplifies to Eq. (8) for r = 0 in Fourier space. In real space, the appropriate form of Eq. (A22) is
with Φ from Eq. (7). Both sides of Eq. (A23) may be expressed by the momentum generating function
by using the Poisson brackets, yielding the differential equation
where ′ denotes differentiation with respect to r. The solution of Eq. (A25) satisfying Ω (0) = 1 and regularity conditions for Ω reads
Equation (A26) may also be obtained as the classical limit of the corresponding quantum expression [50] , or by calculating e
in a mean-field model and using the analogy 1 Φ ↔ µsB MF k B T between the probability densities of mean-field and Green's function theories [63] . Finally, we mention that calculating Ω ′ (0) = m yields Eq. (6) for the magnetization.
Appendix B: Micromagnetic model
In the general case, the micromagnetic free energy functional of a three-dimensional system described by the atomistic Hamiltonian Eq. (1) is given by
where A αβ and D αβ are both 3 × 3 tensors [64] . For the Heisenberg exchange interaction, Eq. (B1) expresses that the J ij coefficients may be anisotropic in real space, i.e. they may differ for neighbors along different directions. However, all anisotropy in spin space is included in the K zz term, since the model did not contain two-ion anisotropy terms. The Heisenberg exchange tensor may be expressed as
indicating that it is symmetric in the Cartesian indices. For the Dzyaloshinsky-Moriya interaction, the linear Lifshitz invariant is usually defined in the form
which is antisymmetric in the α and γ indices. Due to considering three-dimensional spins, these two indices may simply be replaced by the perpendicular direction
the tensorial notation used in Eq. (B2) [64] . The corresponding Dzyaloshinsky-Moriya tensor reads
Equation (B5) has no specific symmetry properties, since the first index describes the rotational plane of the spins, while the second stands for the direction of the modulation. For spin waves, the rotational plane is perpendicular to the ferromagnetic direction. If we denote the ferromagnetic direction by e FM and calculate the spin wave frequencies along the e k direction, only a single component of the Dzyaloshinsky-Moriya tensor may be calculated (cf. Eq. (9)),
The symmetry of the system determines which components of the A αβ and D αβ tensors may be finite, and which ones will take the same value. For example, in cubic systems A αβ and D αβ are both constant matrices with the above definitions. For a list of Lifshitz invariants with finite D αβ components in different symmetry classes see e.g. Refs. [7, 65] .
The spin wave frequencies are calculated analogously to the atomistic model, by constructing the equation of motion [66] 
then linearizing it in small deviations from the ferromagnetic state. Note that even if the micromagnetic model is used for the description of the system at room temperature, it is common practice to use Eq. (B7) for the calculation of the spectrum (see e.g. Ref. [18] ), where the effect of temperature is only included in the interaction coefficients. A more accurate inclusion of finitetemperature effects in micromagnetic models is given by the Landau-Lifshitz-Bloch equation [31] .
Finally, substituting Eq. (C15) into Eqs. (C2)-(C3) and calculating the ratio of the latter two yields
meaning that the ratio of the Dzyaloshinsky-Moriya and Heisenberg exchange interactions indeed does not depend on the temperature. We briefly mention that the exact equality only holds for only nearest-neighbor interactions in the model. Finally, substituting Eq. (C15) into Eq. (C4) yields Eq. (18) for the correspondence between the induced anisotropy and the Heisenberg exchange interaction.
Appendix D: Monte Carlo simulations
We performed the Monte Carlo simulations on an N = 64 × 64 square lattice with periodic boundary conditions for the Hamiltonian illustrated in Fig. 1 . We used the single-spin Metropolis algorithm to update the spin directions, with sweeping over the whole lattice at every Monte Carlo step. From the simulations we extracted the thermal equilibrium quantities m = After determining the observables, we calculated the spin wave frequencies from Eq. (17) , extracted the spectrum along the x direction, and fitted the results with a function of the form Eq. (16) to extract the temperaturedependent parameters. We compared the results to the prediction of Green's function theory, also calculated for an N = 64 × 64 lattice. Increasing the lattice size to N = 128 × 128 in the theoretical calculations modified the interaction parameters on the order of 10 −10 , well below the precision of the simulations and indicating that finite-size effects are negligible for the considered problem.
We also calculated the spin wave spectrum along the z direction from the simulations in order to confirm that it remains symmetric, and to extract the J z parameter discussed in Appendix C. However, we were not successful in determining a deviation between J z and J x that would be significant compared to the uncertainty of the parameters obtained from the simulations by the fitting procedure.
